Abstract. Let G be finite group and N be a normal subgroup of G. Let J = J (F [N ] ) denote the Jacboson radical of F [N ] and I = Ann(J) = {α ∈
Introduction
Let A be a Frobenius algebra and J(A) be the Jacboson radical, then the relations between the Cartan matrix of A and that of A/J(A) i , i ≥ 1, is studied in [11] . Now suppose A = F [G] is a group algebra for a finite group G, if N is a normal subgroup of G, we have known some results about relations between [9] .
When N is a normal subgroup of G, let I be the annihilator of the Jacobson radical J (F [N ] ) in F [G] . Then I will be an ideal of F [G] . In this paper we shall establish some relations among F [G], F [G/N ], and F [G]/I. One important result is the decomposition of Cartan matrix of G in terms of Cartan matrices of G/N and F [G]/I. As an application of this fact, we shall give connections between Cartan invariants and chief composition factors of G. We generalize similar results in [8] .
When B is a p-block algebra of G, we find that the decomposition of Cartan matrix of B is heavily related to what kind of p-blocks of N covered by B. There are two cases that we have more advantage to study. One is a zero-defect block in N . Another is a block of N with only one irreducible Brauer character. So we shall discuss in what conditions B will cover a zero-defect p-block algebra of N . Our discussions produce some conditions of existing zero-defect p-block algebra for N in terms of I or Cartan invariants. For a block B of G, let k(B) and l(B) denote the numbers of ordinary irreducible characters and irreducible Brauer characters of B, respectively. We discuss the Cartan invariants of B if it covers a block b in N of l(b) = 1. In particular, if G/N is a p-group, Brauer k(B) conjecture holds for a block B when it covers a block b in N for l(b) = 1.
Let G be a finite group and N be a p-normal subgroup of G, according to Külshammer-Robinson basis, Cartan matrix of p−block B of G has a decomposition according to its θ-parts [10] . Actually this decomposition is written in two parts: one part is decided by correspondence block in F [G/N ] and another part is decided by all local blocks which correspond to B via Brauer correspondence. In this paper, we are going to prove the second part can be decided by an factor algebra of F [G] .
Cartan matrix plays an key role in modular representation of finite groups, so we can find a lot of articles about Cartan matrix, see [2] [4] [7] .
In this paper, a G-module usually means a left G-module unless we give it under specified conditions. F is always a splitting field of character p = 0. For any two G-modules M, P , we use (M, P )
, the Jacobson radical of F [N ], and I = {α ∈ F [G]|Jα = 0}. Some notations and basic results are refered to [11] .
Lemmas
Let N G and
denote the right annihilater ideal decided by S.
Remark 2.2. In the following sections, we use I denote r(J). According to Y. Tsushima [8] , we can find an element c in the center of the group algebra
) is a symmetric algebra too. Lemma 2.1 makes the following discussions reasonable. If M is a right G-module, then we let M * = Hom F (M, F ) denotes the dual module under usual way, so it is a left G-module. Now we let {P 1 , P 2 , · · · , P n } denote a complete set of representatives of the isomorphism classes of principal indecomposable right G-modules. Since F [G] is a symmetric algebra, then {P
It is easy to know that Soc(M * ) ≤ S(M * ).
Remark 2.4. As usual way, we can define
and I = r(J) as before. In this section, we study the the structure of the algebra A/I, and discuss the relations among
, and A/I.
About the algebra F [G]/I, we have the following results to describe it.
, and as left regular module, let A = P P be a decomposition of principal indecomposable modules of A , then A/I = P P/P ∩I, where P/P ∩I is principal indecomposable A/I-module if P/P ∩ I = 0.
Proof. Let α ∈ I, α = P α P , α P ∈ P , Since Jα = 0, so Jα P = 0, α P ∈ P ∩ I. Thus I = P P ∩ I, which implies A/I = P P/P ∩ I.
In order to show that P/P ∩ I is indecomposable, we consider Hd(P/P ∩ I) and prove it is a simple module. First we claim that J(A/I) = (J(A) + I)/I. This is because A/(J(A) + I) is semi-simple, and if A/M is simple, where I ≤ M , then J(A) + I ≤ M . Thus we obtain J(P/P ∩ I) = (J(A)P + P ∩ I)/P ∩ I, which shows Hd(P/P ∩ I) = P/(J(A)P + P ∩ I). Since P/(J(A)P + P ∩ I) is a factor module of P/J(A)P , we have J(A)P + P ∩ I = J(A)P or J(A)P + P ∩ I = P . So P ∩ I ≤ J(A)P or P ∩ I = P by Nakayama lemma. Hence we have Hd(P/P ∩ I) = Hd(P/J(A)P ) if P ∩ I = P . Remark 3.2. There is a primitive idempotent e such that P = Ae when P is left indecomposable ideal of A , so we can write P ∩I = IP = Ie and P/P ∩I = P e/Ie.
The proof of the result above induces the following result which suggests the relations between projective modules of F [G] and F [G]/I. Corollary 3.3. With the same notations as above, let E = Hd(P/J(A)P ) be a simple A-module. Then E is still a simple A/I module if and only if P ∩ I = P . Furthermore, E = Hd(P/P ∩ I).
Remark 3.4. From this result, for a simple F [G]/I-module E, if P is the projective F [G]-cover of E, then P/P ∩ I is the projective F [G]/I-cover of E. A very natural question arises: What happens with E being not simple A/I-module when E is a simple G-module? We state the following result to answer this question.
Proposition 3.5. With the same notations as above, let E = Hd(P/J(A)P ). Suppose E lie over a simple N -module U . Then P ≤ I if and only if U is a projective simple N -module.
Proof. If P ≤ I, then J(F [N ])P = 0, so P ↓N is a direct sum of projective simple Nmodules. Since E ↓N = Soc(P ) ↓N ≤ P ↓N , E ↓N |P ↓N , so U |P ↓N and U is projective.
Conversely, let T is the inertial group of U in G. By Clifford theory, we have E = F [G] ⊗ T U , where U = t∈T tU . We can write U = t∈T tU = t∈T /N tU and
which is a surjective T -homomorphism. Thus we get a surjective G-homomorphism
Since U is projective N -module and P is the projective cover of E, then
The result above tells us an important fact is : When P is a principal indecomposable module of G, then P ↓N is semi-simple if and only if Hd(P ) lie over a projective simple N -module.
According to Proposition 3.1, there exists a principal indecomposable G-module P such that P ≤ I if and only if the number of classes of isomorphic simple A/I-modules is smaller than that of isomorphic simple G-modules, which is the dimension Dim Proof. Notice that J(A/I) = (I + J(A))/I and let A = A/I, then
, the assertion holds. Following R. Brauer or Kulshammer [3] , we now define
We denote the image under the canonical map A → A/I by a → a. It immediately follows from this definition that S(A) = S(A), where A = A/I. 
which has the same dimension over F as Z(A/J(A)) by the arguments above. Therefor, Now we are going to prove a result for a block algebra.
Theorem 3.8. Let P i , P j be any two principal indecomposable modules belonging to the same p-block of G. Then P i ≤ I if and only if P j ≤ I.
Proof. Since any two principal indecomposable modules are linked [5] if they are in the same block, we only need to suppose Hom
, E j = Hd(P j ) and they are supposed to lie over simple Nmodules U i and U j , respectively. By Proposition 3.5, it is sufficient to prove: if U i is projective, then U j is projective too.
In the proof of Proposition 3.5, we have proved
↑G , and consequently (
Remark 3.9. By the result above, if a principal indecomposable module P is in a p-block algebra B, then P ≤ I if and only if B ≤ I.
An immediate consequence of the results above is 
An algebraic decomposition of Cartan matrix
In the following, we are going to give a relation among the Cartan matrices of 
To understand our proof in the following result, we need to know the basic fact: as Frobenius algebra, A A ∼ = (A A ) * , so if {P } is right principle indecomposable module, then {P * } is left principle indecomposable module.
In order to make our discussion more clearly, We divide the set of all right principal indecomposable modules(up to isomorphisms) of the group G into two subsets: let S 1 = {P | Hd(P ) a simple module of G/N } and S 2 = {P | Hd(P ) a simple module ∈ G/N }.
We describe the difference between S 1 and S 2 as follows:
Proof.
(1) In fact it was proved in [5, Chapter 2, §11].
We let the Cartan matrix C = (c ij ) of F [G] be decided by the set of right principal indecomposable modules:P 1 , P 2 , . . . , P l . Then
that is to say c ij = c ji = c * ij = c * ji [11] . Let (c ij ) be the corresponding Cartan matrix of
J is also a symmetric algebra, so c ij = c ji = c ij * = c ji * . The following result helps us to calculate c ij * .
Lemma 4.2. With the same notations as above, N is a normal subgroup of G. Let P is the right principal indecomposable module with head
Proof. We should notice both (P/P J) * and P * /JP * are left principal indecomposable modules of
If we prove they have the same head, they are equal.
First we have (Hd(M )) * = Soc(M * ), Hd(M * ) = (Soc(M )) * for any G-module M by duality. Hence Hd((P/P J) * ) = (Soc(P/P J)) * = (Hd(P/P J)) * = (Hd(P )) * . On the other hand, we have Hd(P * /JP * ) = Hd(P * ) = (Soc(P )) * = (Hd(P )) * . So they have the same head. 
Proof.
Case One: For projective module P j , we have
Since P i ∼ = P i /P i J, so we got
Now for Dim F (P i , P j J) G , first we know by [11] (4.2)
On the other hand, we have the following from (4.1)
By Lemma 2.3, we have S(P * j ) = (P j /P j J) * , then by (4.3) we get 
by Lemma 4.2. Since (JP * ) * = P/I ∩ P by the same arguments as above,
= the number of Soc(P i ) as the composition factors ofP j /I ∩ P j = the number of Hd(P i ) as the composition factors ofP j /I ∩ P j = the number of Hd(P i /I ∩ P i ) as the composition factors ofP j /I ∩ P j = x ji .
Therefore we have
Since the Cartan matrices of F [G] and F [G/N ] are dual and symmetric by [11] , so c ij = c ij + x ij by equality (4.4) and (4.5). Case two: Let P i ∈ S 2 , P j ∈ S 1 . Then
By the same arguments as in Case one, we have c ij = x * ji . Thus c ij = x ij as c ij is dual and symmetric. Case three: Let P i , P j ∈ S 2 . Then by the same reason as in Case one, we have
G , which is Cartan number from the symmetric algebra F [G]/F [G]J, so a ij is dual and symmetric. The same arguments as before induces c ij = a ij + x ij .
Then the assertion follows.
Consider two extreme examples for Theorem 4.3. If N is a p ′ -prime group, then all x ij = 0. The Cartan numbers from S 2 tell nothing new by Theorem 4.3. If N is a p-group, then set S 2 is an empty set. Only Case one could happen.
We apply the results above to consider the Cartan matrix of a p−block algebra of G. If B is a p-block algebra of G covering a p-block algebra of N of defect zero, then B has no simple modules in F [G]/I by Theorem 3.10. Hence all Cartan numbers x ij of F [G]/I related to the principal indecomposable modules in B will be zero. Furthermore, we know the Cartan matrix of a block algebra can not split into two unconnected parts, which shows that all principal indecomposable modules of B are in S 1 or all in S 2 . So we have the following Notation: In the following, when we say a Cartan number c is corresponding to a simple module E, it means that c is the multiplicity of E as a composition factors in the projective cover of E. Proof. Since G/N is a p-group, the set S 1 contains only one element P which is the projective cover of trivial G-module F . The Cartan number c 11 in G/N corresponding to the trivial G/N -module is |G/N |, so c 11 ≥ |G/N |. The equality holds if and only if the principal p-block covers a defect-zero block in N , but this is equal to the principal p-block having only one irreducible Brauer character.
In the following we discuss the relations between the composition factors and Cartan numbers for a group G. We will generalize a result in [8] about a lower bound for the first Cartan invariant c 11 in terms of the chief composition factors of G.
Let the group G has a series of normal subgroups as following
Let k be the number of factors which are p-groups(non-trivial) in G i /G i−1 , i = 1, 2, ..., n + 1. Proof. First, we should know E j is also a simple G/G i -module for i = 0, 1, ..., n − 1, as G i acts trivially on E j . When i = 1, we have c jj = c 
jj , where c (2) jj is the Cartan number of F [G/G 2 ] corresponding to E j and x (2) jj is the Cartan number of
We continue in the same way as above, then we end in nth step: There is a block version to state Theorem 4.7. With the same series of normal subgroups of G as above, for a simple module E in G/G n , we suppose B (i) is the p-block containing E in G/G i . Assume p-block B of G contains the simple module E, then there are series of natural epimorphisms as follows:
where f i is the composition of natural map from G/G i−1 to G/G i and the projective to B 
Proof. By the arguments above.
5. Some special p-blocks of G For N G, if a p-block B in G covers a p-block b in N , it is an important to find connections between them. In general case, it is not easy. If there exists defect zero blocks in N , we will have more advantages to study those blocks in G covering defect zero blocks in N . In this section we consider some p-blocks of G which cover a p-block b with only one Brauer irreducible character in N for N G. We obtain some results about Cartan invariants and decomposition numbers of B related to block b in H.
First we give a key Lemma.
Proof. It is well known that
e such that ab = e, ba = e g (See, for example, [6, Page 18]). Now we take a = eg = egg
Notations: For N G and a p-block b in N , we denote by Bl(G|b) all the pblocks in G covering b. T b denotes the initial group of b in G. e B means the block idempotent of block algebra B. e b means similarly. As usual, let k(B) and l(B) denote the number of irreducible ordinary characters and Brauer irreducible characters in B, respectively.
Theorem 5.2. With the notations as above, we have
(1) e B = x∈G/T b e B e b x is a decomposition of orthogonal idempotents;
e is a principal indecomposable modules in B, there exists one and only one g ∈ G/T b such that e b g e = e; furthermore, e B e b g = e,e b g e=e e.
Proof. Since Tr If y = g, y ∈ G/T b , then e b y e b g = 0. Thus there is only one g ∈ G/T b such that e b g e i = e i for a principal indecomposable module F [G]e i of B. By (1), the idempotent e of any principal indecomposable module F [G]e in B must appears in the primitive decomposition of orthogonal of some e B e b g , g ∈ G/T b , so (3) is proved. (4) is directly from (3).
Theorem 5.2 tells us it is necessary to study the decompositions of Be b g , g ∈ G/T b in terms of principal indecomposable modules in B. Let Pim{P 1 , P 2 , ..., P l(B) } denote the set of representatives of isomorphic classes of the principal indecomposable modules of B, where
, is a primitive idempotent of B.
Since
e B e b g = Be b g by Lemma 5.1, it is sufficient to study the decomposition of Be b .
Suppose
where Proof. By Theorem 5.2, 
Proof. Notice T b = T θ . Since ϕ i (1) = Dim F (E i ), we have (1) by Proposition 5.3.
Consider the induction of b to a G-module
by our assumptions before. Now let Φ i denote the Brauer character afforded by
Hence we have Proof. By the argument above.
By the relation between Irr(B) and IBr(B),
we have the following result: Corollary 5.6. With the same notation and assumption as in Theorem 5.4, then
In particular, if B has a normal defect p-subgroup Q and covers a block b of N = QC G (Q), then
where θ is the canonical character of b.
Proof. The first part is easy to know by reasons stated above and by Theorem 5.4 (3). In the particular conditions we assume above, we have Bl(G|b) = {B}, and the defect group of b is also Q, l(b) = 1, by The Extended First Main Theorem.
Remark 5.7. When b is a defect zero block in N , then c = 1 in the Theorem 5.4. According to Fong-Reynolds theory, there is one to one correspondence between Bl(G|b) and Bl(T b |b). The correspondence preserve their algebra structure by induction from T b to G. Hence we can always suppose T b = G. Then Corollary 5.6 is more simple:
In particular, if we take N = 1, then T b = G and we get the well-known result:|G| = χ∈Irr(G) χ(1) 2 from Corollary 5.6.
Normal p-subgroup of G
In this section, we suppose that N is a normal p-subgroup of G. We keep the same notation as before.
The proposition 3.1 will be improved with the new condition. The part 1 in the following result can be obtained directly from [8] , but we prove it here in a simple way. Proof. Notice that Theorem 4.3 holds for the Cartan matrix of a p-block B of G.
